We compute the string production rate in the end of inflation using the string spectrum in a near de Sitter space obtained in hep-th/0701258. Our result shows that string production can not be ignored in general, and in many situations dominates the decay of inflaton. It can be seen in our calculation that a typical string created has a size of the Hubble scale, thus may survive as a cosmic string.
Introduction
String theory has been successful in resolving some longstanding problems, such as the existence of a consistent theory of quantum gravity, but many more problems remain [1] . One of them is the prediction problem, namely string theory by far has not made any concrete prediction verifiable by experiments, so we do not know whether string theory is correct or not. Cosmology may prove to be an important arena to test string theory, one of possible signatures of string theory in the sky is cosmic strings. Cosmic strings come with two variants, one is field theoretic, another is fundamental strings of cosmic size, and observing a fundamental cosmic string would be a spectacular way to verify string theory [2] . Cosmic strings from string theory are characterized by some properties not shared by GUT cosmic strings [3] .
In 1980's, it was generally believed that perturbative fundamental strings can not become cosmic strings, due to an argument of Witten [4] . Moreover, the tension of a fundamental string is close to the Planck scale, cosmic strings with such a tension are ruled out by experiments. Recently, some geometries of the compact dimensions of string theory allow much smaller tension of the strings measured in four-dimensional Einstein frame, and in some situations the instability problem is evaded. Thus cosmic strings have the possibility to be observed in the future.
The currently popular program for creation of cosmic strings in the end of inflation is to study the end result of collision of branes, strings as topological defects are inevitably produced in the process. Study in this direction is spearheaded by Polchinski and Tye and their collaborators [5] [6] [2] .
We however will study creation of strings in a more traditional fashion, namely via pair creation of strings in a time-dependent background, which can be dealt with from an effective field theory viewpoint. The more recent work along this line is [7] , the steepest descent contour method has been applied to estimate string creation.
What we need is the spectrum of strings in a de Sitter background, such a spectrum for "small strings" was recently derived in [8] . We will use the method of [7] to estimate the total amount of string creation, but the equation of motion for a physical state differs from that of [7] . This equation motion was derived in [8] with a constant Hubble parameter, but in fact the equation is also valid during reheating, in which the Hubble parameter is not a constant (see Appendix A), and we shall show this in Appendix B.
Our main result is the following, the energy density of string production during reheating is roughly exponential of the inverse of the Hubble parameter, multiplied by an power factor. Since the Hubble parameter is much smaller than 1 in the unit of α ′ = 1, the density is very large. We see that a lot of small strings are produced during reheating, by a small string we mean that the string modes are mostly oscillating [8] . However, these small strings are quite long, because the average energy carried by a single string is
(where H is the Hubble constant), much larger than the Hagedorn temperature T H ∼ 1 4π
, as we shall explain in section 3. A string whose length is comparable to the Hubble scale may survive as a cosmic string. This may offer another mechanism of producing cosmic strings in the end of inflation, and this result may be consistent with what one obtains in brane inflation scenario by brane collision. Our estimation is approximate, due to the fact that there is some approximation used in the derivation of the string spectrum in [8] and our calculation of production rate also involves some approximation. However, this semi-qualitative result strongly suggests to us that cosmic strings are inevitably produced during reheating and the production rate can be very large.
The organization of this paper is as follows. In section 2 the density of string states is calculated. In section 3 the energy density of cosmic strings is estimated. The final section is devoted to discussions. In Appendix A we solve the Friedmann equation for the reheating process. We show that the equation of motion from [8] is still valid in our case in Appendix B.
Degeneracy of String States
The spectrum of strings in a near de Sitter background is different from the one in the flat space-time, and depends on two integers (we shall consider the bosonic sector only in this paper), as will be shown in the next section. These integers are eigenvalues of two operators: the number operator N and another operator L, defined respectively as follows 
Using (2.1) and (2.2) , the generating function can be evaluated by an elementary method of quantum statistical mechanics as follows
Sum over
where
.
(2.6)
If w = 1, (2.5) is the traditional generating function in [9] . The effect of w is to deform this function, this deformation is small when it comes to evaluate the coefficient D n,l by the steepest descent method. We shall perturbatively expand the generating function thus (2.6) near w = 1 to the second order, higher order terms will be truncated. We can see in the saddle point calculation that this assumption is reasonable.
Thus the summation in (2.5) reads: then the generating function is
) and x ≡ m T
, and x is continuous when T is large enough. Around the saddle point in our following computation, z is close to 1 thus T is indeed large. The infinite product in (2.9) is approximated by an exponential of an integral. Taking logarithm of the both sides of (2.9) we obtain
where we have truncated the higher orders of w − 1 in the logarithm function of the second line.
By definition, the degeneracy of string states is
Here Z(z, w) vanishes rapidly for z → 1 while w < 1 , and z n+1 is very small for z < 1 when n is very large. There is consequently for large n a sharply defined saddle point for z near 1. Indeed, the factor
is stationary for
Therefore one finds that as n → ∞
Where δ function comes from the integration over w, and the exponential factor is the ordinary degeneracy of bosonic string states in four-dimension spacetime.
Energy density of Cosmic Superstrings
In this section we shall use the steepest descent contour method in [7] [10] to estimate the energy density of strings produced after reheating. The on-shell constraint for quantum states of a string leads to an equation of the form in [8] . In the following we will always take α ′ = 1.
where H is the Hubble parameter, N is the center-of-mass energy. The general physical state corresponding to the string modes [7] , this difference is the main source for our new result in this paper.
There is no string production in pure de Sitter space with a constant Hubble parameter, even with the modified string spectrum as in (3.1). The only chance for string production is the short period of reheating during which H becomes time-dependent. Thus we have to make a step forward, i.e. to generalize the equation of motion in (3.1) to the case when H varies with time. This is developed in Appendix B, and from now on (
, where a(t) is the cosmological scale factor.
It is convenient to recast (3.1) to the canonical form by rescaling φ(t) to φ
, and we still use φ to denote φ ′ . By canonical form we mean the following form
defined as the so-called slow-roll parameter, which is roughly equal to 1 at the end of inflation, and the dot denotes the derivative with respect to t. This parameter is not larger than 2 here, see Appendix A.
Setting 6) with the requirement |α(t)| 2 − |β(t)| 2 = 1, we recast the equation (3.3) intȯ
Using the assumption β(t) ≪ 1 and α(t) ≈ 1, we obtain an approximate formula for β
The key assumption is that the occupation number |β| 2 for a given mode is always much less than 1. Here β is a Bogliubov coefficient for comparing the in and out vacua.
The assumption β(t) ≪ 1 requires |Ẇ /W 2 | ≪ 1, that is
here θ is close to zero, then W = K cos θ and
where we used ǫ ∈ (1.5, 2), see Appendix A. Then the coefficient β in (3.8) reads
where we used (3.4) and (3.10) and the θ ∼ 0 condition such that sin θ ∼ tan θ ∼ θ. Let
, the integration becomes
Note that |δx/x| = |δθ/θ| ≈ |δH/H| = |Ḣ∆t/H| = ǫH∆t, so |δx
Here the reheating time interval ∆t is inversely proportional to the decay rate Γ of the inflaton. Thus
(3.15)
In the second line above we used (
Finally the the square of modulus β is
Here H we used can be either the value at the beginning of reheating or the value in the end of it. In fact one can use the average value of H during the process of reheating, because |δH/H| = ǫH∆t ≪ 1 here.
The total energy of strings produced is
where ρ is the energy density, V is the space volume, E is the energy of a single string and k is the physical momentum. Using (2.14) and (3.16), we estimate the energy density of strings:
Here the energy of a single string is read from (3.3), that is
After integration over l the energy density becomes
Next we estimate the energy density when n is large, so the integration is approximated by 2 3ǫH
After integration by parts, it becomes 2 3ǫH
where n max is the upper limit of n that is (see Appendix B) 
We do not know how to perform the above integral exactly, we will be satisfied with "perturbative expansion", namely expand the exponent of the exponential in the integrand in k 2 to the first order, we have
where we neglected some dimensionless numerical coefficient. Finally we get the energy density of string production
Recall that ∆t is the reheating duration. It is obvious from the computation process that most contribution to the energy density comes from strings close to the cut-off set by n max , the energy of a single such string is
This energy is much larger than the Hegadorn temperature T H ∼ 1 4π ( the tension of bosonic string is 1 2π in our convention). The size of these strings are comparable to the Hubble scale and some of them may be stable thus may survive as cosmic strings remaining observable today.
Discussion
Our main result (3.26) is expressed in the unit α ′ = 1, if we reinstate α ′ , we have
For the effective field theoretic picture of inflation to be correct, we need to require the Hubble length scale be much larger than the string length scale, or 2) this implies that the exponential factor in (4.1) is a large enhancement factor. For a large enough ratio H −1 / √ α ′ , the energy density of string production can exceed the energy density of inflaton when the reheating commences, this is impossible since energy density can not increase if the usual energy conditions are satisfied. In this situation, we either have to impose the condition ρ < ρ φ where ρ φ is the inflaton energy density at the start of reheating, or we have to take the back-reaction of string production into account.
The sine factor comes with a surprise, though. It is this factor that complicates our estimate of the validity of the main result (4.1). In case when the sine factor is of order 1, the condition that the string production energy density be smaller than the inflaton energy density is
where we ignored some numerical factors, the R.H.S. is equal to the inflaton energy density according to the Friedmann equation. The above equation is equivalent to
where we defined M 2 s = 1/α ′ . For a reasonable value of H, the logarithm is not too large, we see that the above inequality can be easily violated and the string production can be easily large enough and thus the back-reaction to geometry can not be ignored.
Even when the sine factor in (4.1) is not of order 1, namely when it is small, then we obtain from this factor an additional suppressing factor
this factor will help to increase the logarithm in (4.4), but the ratio between the Hubble length H −1 and the string length scale √ α ′ can be easily adjusted to violate (4.4), thus, the string production can not be ignored. A simple way to take the back-reaction of the string production into account, when (4.4) is violated, is to let the string energy density in (4.1) be equal to the inflaton energy density before reheating to determine ∆t, thus ∆t is no longer determined by Γ, the decay rate of inflaton into radiation. When the since factor is small, we have roughly
Note that our calculation has been limited to a simple bosonic string theory, when more realistic string theory is considered, the main formula (4.1) will be revised by changing the power of H in the first factor and the coefficient in the exponential, our result is still valid qualitatively.
In conclusion, we have shown in this paper that the new string spectrum obtained in [8] offers us a novel mechanism to produce strings in general and cosmic strings in particular in the end of inflation, the brane inflation scenario is not required to copiously produce cosmic strings.
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Appendix A. Hubble Parameter During Reheating
In the most popular inflation scenario, the temperature is practically zero during inflation, relativistic matter is produced during the short reheating period when inflaton oscillates coherently and decays to matter through coupling. It is generally not know how inflaton is coupled to a generic string state, so the usually mechanism of reheating is not easily applied to string production.
However, the spacetime metric is also coupled to strings, this can be read off from the string spectrum. When H remains nearly a constant, there is no string production.
During the reheating period, the Hubble parameter is no longer a constant, and can be derived by solving the Friedmann equation. In solving this equation, we should also take radiation into account. A more rigorous treatment should also take strings produced in the process into account, however, we do not know how to compute string energy density as a function of time (to know this, it is required to compute the string production rate per unit time), we shall ignore this factor in this paper. The Friedmann equation reads
where we set 8πG = 1 in this appendix. ρ φ (t) and ρ γ (t) are the energy densities of the inflaton and radiation respectively and their equations of motion are the followinġ
where Γ is the decay rate of the inflaton and dot denotes the derivative with respect to t, the co-moving time.
Take derivative of (A.1) with respect to t, use (A.2) (A.3) to eliminateρ φ andρ γ , and then use (A.1) again. we find
where ǫ ≡ −Ḣ/H 2 . The Friedmann equation is now
Combining (A.4) and (A.5), we get 1.5 < ǫ < 2. This result can be generalized when there are more components in the Universe.
We solve (A.2) with the limit 4 of Γ ≫ H, which means inflaton decays very fast, and this is often the case in reheating. Thus (A.2) can be approximated bẏ 6) and the general solution is
where ρ 0 is an integration constant. Using solution (A.7), we rewrite (A.5) as a differential
This equation can be cast into the standard form of Bessel equation by changing variable t to τ = exp(−Γt/2) , and H ≡ȧ/a as usual.
The where η ≡ 1 e Ht √ ω as in [8] , and should be replaced by a formula in which exp(Ht) is replaced by a(t), and γ m and δ m in (B.2) can be solved directly from (3.9-3.10) of [8] .
γ m = cosh where k i = p i /a is the physical momentum.
